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a b s t r a c t

Huge amounts of data are pervasive in many domains and applications. Unfortunately, high-dimensional
data are tightly associated with the curse of dimensionality, a phenomenon that adversely affects many
data mining algorithms. Therefore, it is desirable to reduce the dimensionality of the data through
preprocessing techniques such as feature selection (FS). Although FS is frequently perceived as a prepro-
cessing technique, in some domains, such as bioinformatics, it is of paramount importance for identifying
relevant attributes, and therefore, provides answers to the investigated research question. In this paper,
we propose a novel supervised FS method based on k-nearest neighbors algorithm. In particular, we use
distance and attribute weighted k-nearest neighbors with gradient descent as an iterative optimization
algorithm for finding the function minima. The new method is compared with the state-of-the-art FS
algorithms using eight artificial and twelve high-dimensional real-world datasets. The experimental
results indicate that the proposed algorithm is able to identify the relevant features and shows the highest
prediction performance for all four considered prediction algorithms.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The storage and processing of high-dimensional data has be-
come a ubiquitous activity inmany emerging applications. In areas
such as DNAmicroarray analysis, text and document classification,
social media services, and high-resolution images processing, data
of extremely high dimensionality [1–3] are produced. As indicated
by data in the UCI machine learning repository, dataset sizes grew
from thousands of features in the 1990s to several millions of
features in 2010 [1]. Datasets of extreme dimensions are becoming
an inevitable part of machine learning pipelines and methods that
can deal with these data are thus strongly required.

The number of acquired and stored features in datasets is
growing; however, many of these features are irrelevant or re-
dundant [3,4]. These features are not only useless in the process
of knowledge discovery, but also increase the dimensionality of
the Euclidean space in which data points are embedded. Usually,
the sample size remains considerably behind the feature number,
causing the curse of dimensionality phenomenon to occur and a
resultant decrease in classification accuracy [5,6]. Unfortunately,
information about which features are useful and which are not, is
a priori unknown. One of the frequently used approaches for com-
batting this problem is dimensionality reduction, which is an im-
portant preprocessing step in machine learning and data mining.
The aim is to significantly reduce the dimensionality of the original
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high-dimensional feature space. With the increased dataset di-
mensionality sizes that are currently experienced, dimensionality
reduction has gained even greater significance, because it provides
advantages, such as reduced storage needs, shorter classifier train-
ing time, and better visualization possibilities, as well as avoiding
over-fitting [7].

There are two means of reducing dimensionality: feature ex-
traction (FE) and feature selection (FS). FE reduces dimension-
ality through mapping a high-dimensional space to a new low-
dimensional feature space. The most widely used methods proba-
bly are principal component analysis (PCA) [8], non-linear dimen-
sionality reduction (NLDR) [9], and linear discriminant analysis
(LDA) [10], and new methods appear regularly [11]. Although
FE methods are more successful in terms of finding the optimal
solution of a problem, the drawback of FE is that the new feature
space has no physical meaning for interpretation. Additionally, FE
algorithms can break down because of their high computational
complexity [12].

FS methods utilize certain criteria to evaluate the quality of
features. The highest ranking features are selected for further pro-
cessing and the remaining ones are eliminated. Obviously, differ-
ent evaluation criteria yield different results and select different
feature subsets. The advantage of FS is that the features are not
transformed to a different space, and therefore, their relationship
to the underlying data pattern is preserved. Several approaches
exist for FS: filter, wrapper, and embedded. The computationally
simplest are univariate filter methods. Their main advantages are
simplicity and low computational cost. Although they neglect the
relationship between features, in some scenarios they provide
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results competitive with other, more complex, algorithms [13].
The filter FS is independent of the classifier and applies the eval-
uation criteria to select features. A classifier is then built using
only the selected features. The filters that are more sophisticated
than univariate are the multivariate filter FS methods, which take
into account also the relationship between features. These are
very widely used because of their simplicity and performance. The
most frequently used representatives of this category are the well-
established minimal-redundancy-maximal-relevance (mRMR) al-
gorithm [14] and Relief [15]. Additionally, more new FS algorithms
are being proposed to enhance the performance of these state-of-
the-art techniques in various domains [16].

Wrapper FS methods are more tightly coupled with the classi-
fier. These methods utilize the performance of a particular classi-
fier to evaluate feature subsets using a search strategy. It is the uti-
lization of a search algorithm to find suitable feature subsets that
renders these methods computationally demanding. In particular,
when applied to high-dimensional datasets their time complexity
quickly becomes unsupportable. Recently, several attempts, most
of which constituted methods based on evolutionary computa-
tion [17], have been made to improve search strategies. Although
these methods achieved a degree of success, they still present
challenges and need to be investigated further to solve issues such
scalability.

The apparent disadvantage of wrapper approach is computa-
tional overhead needed for evaluation of each candidate feature
set by executing the learning algorithm. Moreover the wrapper
FS results are classifier dependent and sometimes tend to overfit
the data. On the other hand, the filter FS methods provides better
computational complexity than the wrapper methods, however
they completely ignore the interaction with classifier [18].

Another relatively new approach is ensemble FS [19]. In this
case, multiple base selectors (usually filter FS models) are com-
bined to solve the problem. The objective is to introduce diversity
and increase the stability of the FS process, because theweaknesses
of single selectors are overcome by collective decisions.

FS is a very active area of research and many interesting papers
on the subject regularly appear. Reviews of the topic have been
provided in many excellent review papers, such as [16–18,20–22].

The concept of k-nearest neighbors has been already utilized for
feature selection in several different ways. Li et al. [23] proposed
kNN based method as an alternative to unstable random forest.
It randomly selects the subset of features and use these features
to train the kNN classifier. The prediction accuracy score is then
assigned to each feature included in particular subset. The resulting
feature scores are the mean values of all assigned accuracy scores.
In similar fashion, Park and Kim [24] proposed FS method using
ensemble of kNN classifiers that iteratively looks for significant
features. These methods utilize the kNN classifier as a black box
and do not explore the kNN algorithm. In contrast, authors of [25]
proposed the clever construction of distance matrix and provided
the wrapper based FS with embedded kNN classifier. The attribute
weighted kNN for feature selection is presented in [26]. The pro-
posed algorithm is limited only to the regression data and the cost
function can become discontinuous in this case. The continuous
and differentiable cost function is necessary for the correct func-
tion of gradient descent algorithm.

In this paper we propose novel FS technique based on k-nearest
neighbors algorithm utilizing gradient descent method. The pro-
posedmethod is suitable for high dimensionality small sample size
data (HDSSS) and regression datasets. HDSSS data represent one
of the main challenges of current feature selection research since
the extremely high dimension has negative influence on reliability
of statistical analysis. The weighted kNN shown that it is able to
outperform other state-of-the-art FS methods especially for these
high dimensional-low sample datasets.

The rest of the paper is organized as follows. Section 2 describes
the proposed FSmethod togetherwith the implementation details.
In Section 3, we first evaluate the performance of the proposed
method on synthetic data and then compare the influence of the
FS methods on the classification performance. Finally, in Section
4 we present our conclusions and outline some future research
directions.

2. k-nearest neighbors feature selection

In this chapter, we describe the proposed FS approach. The
method is based on the k-nearest neighbors (kNN) technique that
employs gradient descent as the iterative optimization procedure
for searching function minima.

2.1. Weighted k-nearest neighbors

The kNN algorithm is frequently used to solve classification and
regression tasks [6]. The value of the target variable in the test set is
determined based on the values of the target variable of its nearest
neighbors in the training set. Two parameters need to be set: the
natural number k, representing the number of nearest neighbors,
and the distance definition. In the case of a classification task, the
class of the testing sample is selected according to the majority
voting of the nearest neighbors (i.e., the predicted value is equal
to the class that has the majority in nearest neighbor sample set).
When solving the regression task, the value of the predicted target
variable is a real number obtained by the arithmetic mean of the
nearest neighbors target variables.

In this paper, if not stated otherwise, the more general case
is assumed, i.e., a regression task. Let {F1, F2, . . . , Fm} be the set
of m numerical predictor variables, {x1, x2, . . . , xn} be the set of n
observations, and y = (y1, y2, . . . , yn) be the target variable. Then,
if we denote the observation in the test set by xi and the set of
indices of k nearest neighbors of sample xi by Nk

i , the prediction
of target variable pi is given by

pi =
1
k

∑
j∈Nk

i

yj. (1)

kNN is a prototypemethod based on object similarity. The algo-
rithm searches the k observations in the training set that are most
similar to the observation in the testing set. To express similarity,
a distance metric is used. The distance definition depends on the
type of variables in the dataset. In the case of continuous variables,
usually the Euclidean metric is selected. In general, distance is
required to fulfill the properties given in [27]. A detailed definition
of distances for different types of datasets can be found in [28].

In the conventional kNN technique, all nearest neighbors are
equally relevant for predicting the target variable. However, we
can assume that observations that are closer to each other aremore
similar, and thus should more strongly influence the prediction of
the target variable. The kNN can be extended so that the voting
output of the nearest neighbors is weighted; closer observations
have greater weights. This approach is called distance-weighted
kNN.

Neighbor weights are given by the transformation of the dis-
tance realized through the evaluation function w(·). Then, Eq. (1)
for prediction pi can be rewritten as

pi =
1∑

j∈Nk
i
w(dij)

∑
j∈Nk

i

w(dij) · yj, (2)

where dij denotes the distance between observations xi and xj and
w(dij) is its value after transformation through function w(·). The
function w : ℜ+0 → ⟨0, 1⟩ satisfies the following properties:
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• w(0) = 1,
• Function w(·) is decreasing (the greater distance means a

lower function value)
• limd→inf w(d) = 0.

Another modification of kNN is attribute weighted kNN. Ev-
ery attribute in {F1, F2, . . . , Fm} is assigned a weight that deter-
mines the usefulness of the attribute for the determination of the
target variable. Feature weighting can be expressed through the
Hadamard product as

v ◦ xi = (v1 · xi1, v2 · xi2, . . . , vm · xim), (3)

where v = (v1, v2, . . . , vm) is a weighting vector and xi =
(xi1, xi2, . . . , xim) is any observation from the dataset.

2.2. Proposed approach: weighted k-nearest neighbors

The proposed FS method, weighted k-nearest neighbors
(WkNN-FS), takes advantage of both weighting schemes: distance
and attribute weighting. The underlying assumption is that the
target variable is most accurately determined by themost relevant
attributes of the most nearest neighbors.

The featureweights are used to determine the distance between
different observations. If v is a weighting vector and dij is the
distance between two arbitrary observations xi and xj, then the
weighted distance of two observations is defined as

dij(v) = d(v ◦ xi, v ◦ xj). (4)

This distance definition is used to choose the nearest neighbors.
However, a change in the weights can result in a change in the
nearest neighbors. The predicted value of target variable y for the
ith observation for weighting vector v and evaluation function w

is given by the weighted average of the target variable of other
observations:

pi(v) =
1∑

j̸=i w(dij(v))

∑
j̸=i

w(dij(v)).yj. (5)

The prediction accuracy is measured by the difference between
predicted value pi(v) and the actual value of the target variable yi.
The estimation error is expressed by loss function l(yi, pi(v)), where
l : ℜ × ℜ → ℜ+0 .

We define the cost function as amean error for the entire dataset
as

C(v) =
1
n

n∑
i=1

l(yi, pi(v)). (6)

The model defined in Eq. (5) allows the regression task to be
solved, with the error being the function of the attribute weights.
Therefore, the goal is to find the weight vector that yields the
smallest error. This is equivalent to solving an optimization task

vopt = argmin
v∈ℜm

C(v). (7)

The resulting vector vopt determines the importance of features.
The most important features according to WkNN are assigned
the highest weights. The algorithm described by pseudocode is
provided in Algorithm 1. The method implementation in Python
is freely available at github.1

1 https://github.com/bugatap/WkNN-FS.

Algorithm 1Weighted nearest neighbors feature selection.
1: set distance function, distance evaluation function, loss function
2: set learning rate η, number of iterations = I (stop condition), min.

gradient norm = g (stop condition), negativeweights flag, gradient
normalization flag

3: initialize v (v← 0 or v← 1/m)
4: repeat
5: increment number of iterations
6: calculate distancematrix considering featureweights dij(v)
7: calculate w(dij(v)) using distance evaluation function w(·)
8: calculate predictions vector pi(v)
9: calculate error using loss function l(yi, pi(v))

10: calculate gradient-vector of partial derivations of cost func-
tion with current weights

11: if gradient normalization flag = True then normalize gra-
dient

12: end if
13: update weights v′ = v− η ∗ gradient
14: if negative weights flag = True then zero out negative

weights
15: end if
16: until number of iterations < I or min. gradient norm < g
17: sort features according v
18: select the top N features or features with non-zero weights

2.3. Optimal weights

The FS algorithm attempts to find the vector v = (v1, v2, . . . ,

vm) that minimizes the prediction error. In the proposed method,
we consider only continuous and differentiable cost functions C :
ℜ

m
→ ℜ

+

0 , defined in Eq. (6). Since the cost function is continuous
and differentiable, we can utilize a gradient descent algorithm
to find its minima. Gradient descent is an iterative optimization
algorithm that utilizes the gradient of the function to find its
minima.

The gradient of function C for weight vector v is computed in
each step of the algorithm and the new vector v is determined by
taking steps proportional to the negative of the gradient. To obtain
the gradient, the partial derivations of function C with respect to
each weight vl, for l ∈ {1, 2, . . . ,m}, should be calculated as

∂C(v)
∂vl
=

1
n

n∑
i=1

∂ l(yi, pi(v))
∂vl

=
1
n

n∑
i=1

∂ l(yi, pi(v))
∂pi(v)

·
∂pi(v)
∂vl

. (8)

To solve Eq. (8), we need to calculate the partial derivation of
predicted value pi(v) with respect to vl. Therefore, by derivation
of Eq. (5)

∂pi(v)
∂vl

=
−1[∑

k̸=i w(dik(v))
]2 ·

∑
k̸=i

w′(dik(v)) ·
∂dik(v)

∂vl

·

∑
j̸=i

w(dij(v))yj

+
1∑

k̸=i w(dik(v))
.
∑
j̸=i

w′(dij(v)) ·
∂dij(v)
∂vl

· yj (9)

is obtained. This can be simplified to

∂pi(v)
∂vl

=
−1∑

k̸=i w(dik(v))
·

∑
k̸=i

w′(dik(v)) ·
∂dik(v)

∂vl
· pi(v)

+
1∑

k̸=i w(dik(v))
·

∑
k̸=i

w′(dik(v)) ·
∂dik(v)

∂vl
· yk. (10)

https://github.com/bugatap/WkNN-FS
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Next, by a further update we obtain

∂pi(v)
∂vl

=
1∑

k̸=i w(dik(v))
.
∑
k̸=i

w′(dik(v)).
∂dik(v)

∂vl
.(yk − pi(v)), (11)

where w′ denotes the first derivation of the distance evaluation
functionw. Eqs. (8) and (11) define the determination of the gradi-
ent of C in general. The distance function, its evaluation function
and loss function and their derivatives are to be substituted for
more specific computation.

2.4. Method parametrization: distance function, distance evaluation
function, and loss function

The proposed FSmethod has three degrees of freedom. It allows
various definitions of distance and distance evaluation functions,
and also the selection of different loss functions. In this section, we
propose specific methods that can be used for FS and present the
rationale behind the selection of the particular function.

2.4.1. Loss function
The loss function is used to express the prediction error in a

regression task. The value of the loss function decreases when the
value of the predicted variable is close to the actual value of the
target variable. The loss function equals zero if the predicted value
of the target variable is the same as the value of the target variable.
The natural choice for the loss function is the absolute loss function
(l1)

l1(yi, pi(v)) = |yi − pi(v)| . (12)

The partial derivation of this error function with respect to vl can
be calculated simply as

∂ l1(yi, pi(v))
∂vl

= sgn(pi(v)− yi)
∂pi(v)
∂vl

. (13)

The drawback of the absolute loss function is that it is non differ-
entiable for points that satisfy yi − pi(v) = 0. This problem can be
solved by using the square loss function (l2)

l2(yi, pi(v)) = (yi − pi(v))2. (14)

Thus, we have partial derivation with respect to vl

∂ l2(yi, pi(v))
∂vl

= 2(pi(v)− yi)
∂pi(v)
∂vl

. (15)

The square loss function is differentiable at each point of its do-
main. Its disadvantage is that it is sensitive to outliers, because the
square of the error is utilized in Eq. (14). Therefore, the resulting
cost function is influenced by the large errors introduced by out-
liers.

Additionally, we consider also theHuber loss function (lδ), which
is differentiable and robust to outliers. For delta > 0 and pair
(yi, pi(v)), the Huber loss function is defined as

lδ(yi, pi(v)) =
{ 1

2 (yi − pi(v))2, if |yi − pi(v)| ≤ δ,
δ |yi − pi(v)| − 1

2δ
2, otherwise.

(16)

Then, the partial derivation is

∂ lδ(yi, pi(v))
∂vl

=

{
(pi(v)− yi).

∂pi(v)
∂vl

, if |yi − pi(v)| ≤ δ,
δ.sgn(pi(v)− yi).

∂pi(v)
∂vl

, otherwise.
(17)

2.4.2. Distance measure and its evaluation function
In [28], the definitions of several distancemeasures for different

types of datasets were provided. Our method is aimed at datasets
with numerical predictor variables, and therefore, we focus on
measures for these types of data. The suitable choice in this case

is Euclidean distance (L2). The Euclidean distance of two observa-
tions xi and xk as a function of v is defined as

dik(v) = L2(v ◦ xi, v ◦ xk) =

√ n∑
j=1

v2
j .(xij − xkj)2, (18)

with its partial derivation with respect to vl being

∂dik(v)
∂vl

=
vl.(xil − xkl)2√∑n
j=1 v2

j .(xij − xkj)2
=

vl.(xil − xkl)2

dik(v)
(19)

Distance d in the proposed WkNN-FS method is transformed
using evaluation function w that satisfies the properties stated in
Section 2.1. We assume the evaluation function in general form to
be

w(d) = e−cd
α
, where c, α ∈ ℜ+. (20)

It can be shown that this function satisfies the required criteria.
For α = 2, the function is equivalent to the radial basis function
(RBF) frequently employed as an RBF kernel in support vector ma-
chine (SVM) classifiers. The derivation of Eq. (20) can be calculated
simply as

w′(d) = (e−cd
α
)′ = −cα.dα−1w(d), (21)

Thus, for α = 2 and c = 1 we have w′(d) = (e−d
2
)′ =

−2d.e−d
2
= −2d.w(d). Substituting the derivation of the evalu-

ation function into Eq. (11), we have

∂pi(v)
∂vl

=
2vl∑

k̸=i w(dik(v))

∑
k̸=i

w(dik(v)) · (xil − xkl)2.(pi(v)− yk).

(22)

Finally, we have C(v), which represents the arithmetic mean of
square error for each observation in the form

∂C(v)
∂vl
=

1
n

n∑
i=1

∂ l(yi, pi(v))
∂vl

=
2
n

n∑
i=1

(pi(v)− yi)
∂pi(v)
∂vl

. (23)

Eqs. (22) and (23) define the derivation of the gradient of func-
tion C . If in any iteration of the algorithm vl becomes equal to zero,
partial derivation of C(v) with respect to vl also equals zero and
as a result weight vl would retain its zero value for all following
iterations. This unwanted issue can be avoided by using the square
root of weights as weight features. Distance dik(v) after this modi-
fication becomes

dik(v) = L2(
√
v ◦ xi,

√
v ◦ xk) =

√ n∑
j=1

vj.(xij − xkj)2. (24)

After this update, Eq. (22) can be written as

∂pi(v)
∂vl

=
1∑

k̸=i w(dik(v))

∑
k̸=i

w(dik(v)) · (xil − xkl)2 · (pi(v)− yk).

(25)

The goal of this modification is to remove the term 2vl from the
right hand side of Eq. (22), since it makes the partial derivation
of C(v) become zero in cases where vl = 0. This prevents the
algorithm from freezing in zero weight.

3. Numerical experiments

We evaluated the performance of the proposed approach from
two important aspects of FS: its ability to identify the features
correlated with the target variable and its influence on predictor
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Table 1
Characteristics of artificial datasets used in this study.
Dataset name Acronym Number of

samples
Number of features Relevant

features

Linear regression Reg 200 500 5
Friedman Fri 200 500 5
Madelon Mad 200 500 5
MadelonHD MHD 150 15,000 15
Lin. regression 5k Reg5k 5000 500 5
Friedman 5k Fri5k 5000 500 5
Madelon 5k Mad5k 5000 500 5
MadelonHD 5k MHD5k 5000 15,000 15

accuracy. To obtain a quantitative measure for the ability to iden-
tify relevant features, we applied the index of success measure on
artificial datasets. Artificial data were used, because in real data it
is difficult to ultimately determine which features are relevant for
the target variable.

In the second part of our experiments, four frequently used
classifiers were employed to evaluate the extent to which the
proposed methods improve the prediction performance. In this
case, twelve publicly available high-dimensional datasets were
used.

In the experiments, four different versions of the proposed
WkNN-FS were considered. As a loss function, we compared the
square loss and Huber loss function, for the distance measure we
employed Euclidean distance in all the considered alternatives,
and for the distance evaluation function we chose the exponential
function (exp) w(d) = e−d and RBF w(d) = e−d

2
. The spe-

cific combination of parameters is always indicated in brackets.
We included for comparison also seven frequently used FS meth-
ods, reliefF [29], mRMR with mutual information criterion [14], f-
score [30], l1-SVM [31], chi-squared (chi2) based FS, wrapper FS
based on kNN, and Random kNN FS (RkNN) [23] as a baseline for
the newly proposed methods.

3.1. Index of success on artificial datasets

The advantage of artificial datasets is that the underlying pat-
tern in the data is a priori known, and therefore, we could exactly
evaluate the success of the FS method in terms of selecting the
relevant features. We used four regression problems and four clas-
sification problems, of which twowere high-dimensional datasets.
The basic characteristics of the datasets are provided in Table 1.
There are two groups of datasets, one containing hundreds of
samples, and second containing 5000 samples. This is to evaluate
algorithms behavior in different conditions.

Our primary interest was to evaluate the accuracy of the FS
methods in terms of selecting the features that are relevant to the
target variable. The quality of the selection process was evaluated
by the index of success. The index of success (Suc.) is defined as

Suc. =
[
Rs

Rt
− α

Is
It

]
, (26)

Table 3
Characteristics of the real-world datasets used in this study.
Dataset [Source] No. of samples No. of features No. Class 0 No. of Class 1

Alon [32] 62 2,000 40 22
Burczynski [33] 127 22,283 85 42
Chowdary [34] 104 22,283 62 42
Chin [35] 118 22,215 43 75
Golub [36] 72 7,129 47 25
Gordon [37] 181 12,533 94 87
Pomeroy [38] 60 7,128 39 21
Singh [39] 102 12,600 52 50
Tian [40] 173 12,625 36 137
Reg01 [41,42] 89 5,787 – –
Reg02 [41,42] 76 5,144 – –
Reg03 [41,42] 133 5,787 – –

where Rs is the number of selected relevant features, Is is the
number of selected irrelevant features, Rt is the total number of
relevant features, and It represents the total number of irrelevant
features [43]. The term α = min{ 12 ,

Rt
It
} is used to enhance that

the inclusion of irrelevant features is preferred to the omission of
relevant ones. The measure Suc. captures a method’s capability to
correctly identify significant features relevant for the computation
of the target variable.

To evaluate Suc., the rate of the number of features returned
by FS should be determined. We followed the approach proposed
in [43] and set the rate of the number of returned features as 3% of
all features for a particular dataset. If all the relevant features were
selected at first, we set Suc. = 1.

The Linear Regression dataset and Friedman datasets consti-
tuted the regression task. The Linear Regression dataset was gen-
erated by applying a random linear regression model with Ninf =

5 nonzero regressors to the well-conditioned, centered, Gaussian
inputwith unit variance and someGaussian centered noisewith an
adjustable scale. The Friedman dataset was generated according to
the rule for the Friedman 1 dataset. The Madelon and MadelonHD
datasetswere generated according to the same rule, and only some
of the parameters were changed to achieve a high dimensionality
for the MadelonHD dataset. These classification tasks are given by
the clusters of points normally distributed about the vertices of an
Ninf = 5 (Ninf = 15 for MadelonHD) dimensional hypercube with
sides of length 2*2 and four clusters are assigned to each class.
All the datasets were obtained from scikit-learn dataset genera-
tors [44].

3.2. Index of success results

The Suc. results for the evaluated FS methods are presented in
Table 2. The best score for each dataset is emphasized by bold font.

For small sample synthetic datasets, the highest average Suc. =
0.85 rate was achieved by the new WkNN-FS (l2,exp), which
outperformed other methods on three out of the four artificial
datasets. WkNN-FS (l2,exp) was followed by two variations of the

Table 2
Index of success for different feature selection methods on eight artificial datasets.
Method Reg Fri Mad MHD mean Reg5k Fri5k Mad5k MHD5k mean (5k)

reliefF 0.40 0.99 0.60 0.40 0.60 0.80 1.00 1.00 0.93 0.93
f-score 0.60 0.80 0.60 0.47 0.62 1.00 0.99 0.80 0.53 0.83
mRMR/mutual info 0.60 0.80 0.40 0.40 0.55 0.99 1.00 0.80 0.53 0.83
chi2 0.80 0.80 0.40 0.40 0.60 0.99 1.00 0.80 0.60 0.85
l1-SVM 1.00 0.80 0.40 0.13 0.58 1.00 0.80 0.80 0.80 0.85
RkNN 0.60 0.80 0.60 0.40 0.60 0.80 1.00 0.80 0.53 0.78
kNN-wrapper 0.80 1.00 1.00 0.13 0.73 1.00 1.00 1.00 0.99 1.00
WkNN-FS (l2 ,exp) 1.00 0.80 1.00 0.60 0.85 1.00 1.00 1.00 1.00 1.00
WkNN-FS (l2 ,rbf) 1.00 0.80 0.99 0.53 0.83 1.00 1.00 1.00 1.00 1.00
WkNN-FS (lδ ,exp) 0.99 0.80 1.00 0.40 0.80 1.00 1.00 1.00 1.00 1.00
WkNN-FS (lδ ,rbf) 1.00 0.80 0.99 0.53 0.83 1.00 1.00 1.00 1.00 1.00
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Table 4
Influence of feature selection methods on F1 score for nine high-dimensional datasets. Classification problems. Selected 30 features.

noFS reliefF f-score mRMR chi2 l1-SVM RkNN kNN
wrapper

WkNN-FS
(l2 ,exp)

WkNN-FS
(l2 ,rbf)

WkNN-FS
(lδ ,exp)

WkNN-FS
(lδ ,rbf)

NB 0.79± 0.20 0.76± 0.12 0.92± 0.08 0.94± 0.06 0.91± 0.07 1.00± 0.00 0.97± 0.05 0.86± 0.12 0.99± 0.03 0.97± 0.06 1.00± 0.00 0.99± 0.03
SVC 0.84± 0.23 0.93± 0.07 0.97± 0.05 0.97± 0.06 0.93± 0.13 1.00± 0.00 1.00± 0.00 0.94± 0.06 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00

Burczynski RF 0.89± 0.15 0.86± 0.14 0.95± 0.07 0.97± 0.06 0.94± 0.11 0.94± 0.07 0.97± 0.06 0.91± 0.12 0.99± 0.04 0.99± 0.04 0.99± 0.04 0.99± 0.04
kNN 0.69± 0.19 0.78± 0.22 0.96± 0.06 0.94± 0.11 0.78± 0.32 1.00± 0.00 0.91± 0.18 0.94± 0.08 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
mean 0.80± 0.07 0.83± 0.07 0.95± 0.02 0.96± 0.02 0.89± 0.07 0.99± 0.02 0.96± 0.03 0.91± 0.03 0.99± 0.01 0.99± 0.01 1.00± 0.00 0.99± 0.01

NB 0.89± 0.06 0.91± 0.06 0.92± 0.07 0.92± 0.05 0.92± 0.07 0.97± 0.03 0.96± 0.04 0.62± 0.16 0.98± 0.04 0.94± 0.04 0.98± 0.04 0.92± 0.06
SVC 0.89± 0.06 0.93± 0.06 0.93± 0.05 0.93± 0.04 0.91± 0.05 0.99± 0.03 0.96± 0.04 0.93± 0.06 0.99± 0.03 0.97± 0.03 0.98± 0.04 0.96± 0.04

Chin RF 0.92± 0.05 0.92± 0.06 0.93± 0.06 0.93± 0.05 0.92± 0.05 0.95± 0.05 0.93± 0.05 0.94± 0.06 0.95± 0.04 0.93± 0.05 0.95± 0.05 0.92± 0.06
kNN 0.87± 0.05 0.92± 0.06 0.93± 0.06 0.92± 0.05 0.92± 0.05 0.93± 0.04 0.93± 0.05 0.93± 0.06 0.99± 0.03 0.99± 0.02 0.98± 0.04 1.00± 0.00
mean 0.89± 0.02 0.92± 0.01 0.93± 0.01 0.92± 0.01 0.92± 0.00 0.96± 0.02 0.94± 0.01 0.86± 0.13 0.98± 0.02 0.96± 0.03 0.97± 0.01 0.95± 0.03

NB 0.85± 0.06 0.90± 0.06 0.89± 0.04 0.91± 0.07 0.89± 0.04 0.91± 0.07 0.90± 0.04 0.38± 0.17 0.93± 0.04 0.89± 0.05 0.89± 0.04 0.89± 0.04
SVC 0.88± 0.01 0.91± 0.02 0.91± 0.03 0.91± 0.03 0.91± 0.04 0.95± 0.03 0.95± 0.04 0.91± 0.02 0.95± 0.03 0.90± 0.02 0.95± 0.03 0.91± 0.03

Tian RF 0.88± 0.01 0.89± 0.04 0.91± 0.04 0.92± 0.04 0.91± 0.04 0.91± 0.03 0.91± 0.03 0.88± 0.02 0.92± 0.02 0.89± 0.03 0.91± 0.03 0.90± 0.03
kNN 0.88± 0.01 0.89± 0.01 0.89± 0.02 0.90± 0.02 0.89± 0.01 0.88± 0.01 0.88± 0.01 0.91± 0.06 0.94± 0.03 0.95± 0.05 0.92± 0.03 0.97± 0.03
mean 0.88± 0.02 0.90± 0.01 0.90± 0.01 0.91± 0.01 0.90± 0.01 0.91± 0.02 0.91± 0.03 0.77± 0.23 0.93± 0.01 0.91± 0.03 0.92± 0.02 0.92± 0.03

NB 0.88± 0.10 0.97± 0.05 0.97± 0.05 0.96± 0.07 0.93± 0.11 0.99± 0.04 0.97± 0.05 0.55± 0.32 0.97± 0.07 0.97± 0.07 0.97± 0.05 0.97± 0.07
SVC 0.95± 0.07 0.97± 0.05 0.97± 0.05 0.97± 0.05 0.95± 0.07 0.95± 0.07 0.97± 0.05 0.55± 0.33 0.99± 0.03 1.00± 0.00 0.98± 0.04 1.00± 0.00

Chowdary RF 0.95± 0.08 0.97± 0.05 0.97± 0.05 0.97± 0.05 0.95± 0.09 0.97± 0.05 0.97± 0.05 0.96± 0.06 0.97± 0.05 0.96± 0.06 0.97± 0.05 0.96± 0.06
kNN 0.85± 0.14 0.95± 0.09 0.99± 0.03 0.91± 0.10 0.85± 0.12 1.00± 0.00 0.97± 0.05 0.96± 0.10 0.99± 0.03 1.00± 0.00 1.00± 0.00 1.00± 0.00
mean 0.91± 0.04 0.97± 0.01 0.98± 0.01 0.96± 0.03 0.92± 0.04 0.98± 0.02 0.97± 0.00 0.76± 0.20 0.98± 0.01 0.98± 0.02 0.98± 0.01 0.98± 0.02

NB 0.98± 0.06 0.94± 0.10 0.94± 0.10 0.94± 0.10 0.96± 0.09 0.99± 0.04 1.00± 0.00 0.85± 0.12 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
SVC 0.62± 0.34 0.97± 0.07 0.97± 0.07 0.97± 0.07 0.97± 0.07 0.99± 0.04 0.98± 0.06 0.91± 0.14 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00

Golub RF 0.98± 0.06 0.98± 0.06 0.94± 0.09 0.96± 0.08 0.94± 0.09 0.96± 0.08 0.98± 0.06 0.95± 0.11 1.00± 0.00 0.96± 0.08 0.98± 0.06 0.98± 0.06
kNN 0.32± 0.32 0.88± 0.17 0.90± 0.17 0.90± 0.17 0.84± 0.18 0.90± 0.17 0.98± 0.06 0.98± 0.06 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
mean 0.72± 0.28 0.94± 0.04 0.93± 0.02 0.94± 0.03 0.93± 0.05 0.96± 0.04 0.98± 0.01 0.92± 0.05 1.00± 0.00 0.99± 0.02 1.00± 0.00 1.00± 0.00

NB 0.98± 0.04 1.00± 0.00 0.98± 0.03 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00 0.98± 0.04 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
SVC 0.98± 0.04 0.99± 0.02 0.99± 0.02 1.00± 0.00 0.99± 0.02 1.00± 0.00 0.99± 0.02 0.98± 0.03 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00

Gordon RF 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 1.00± 0.00 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02
kNN 0.86± 0.03 0.96± 0.03 0.98± 0.02 0.99± 0.02 0.99± 0.02 1.00± 0.00 1.00± 0.00 0.98± 0.03 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
mean 0.95± 0.05 0.99± 0.01 0.99± 0.01 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00 0.98± 0.01 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00

NB 0.59± 0.14 0.78± 0.18 0.81± 0.19 0.83± 0.17 0.83± 0.17 0.86± 0.13 0.86± 0.13 0.61± 0.09 0.85± 0.13 0.82± 0.20 0.85± 0.13 0.77± 0.13
SVC 0.53± 0.38 0.80± 0.16 0.80± 0.16 0.83± 0.17 0.83± 0.17 0.83± 0.13 0.83± 0.13 0.84± 0.14 0.88± 0.17 0.84± 0.18 0.88± 0.17 0.85± 0.16

Alon RF 0.69± 0.28 0.81± 0.16 0.81± 0.16 0.81± 0.16 0.84± 0.16 0.81± 0.17 0.87± 0.11 0.65± 0.26 0.77± 0.15 0.79± 0.16 0.76± 0.30 0.80± 0.16
kNN 0.10± 0.30 0.72± 0.29 0.76± 0.15 0.73± 0.13 0.80± 0.18 0.40± 0.35 0.82± 0.17 0.74± 0.15 0.97± 0.10 0.97± 0.10 0.97± 0.10 0.97± 0.10
mean 0.48± 0.22 0.77± 0.04 0.79± 0.02 0.80± 0.04 0.82± 0.02 0.72± 0.19 0.84± 0.02 0.71± 0.09 0.87± 0.07 0.86± 0.07 0.86± 0.07 0.85± 0.07

NB 0.46± 0.32 0.64± 0.28 0.81± 0.29 0.86± 0.18 0.77± 0.23 0.98± 0.06 0.74± 0.31 0.67± 0.13 0.79± 0.30 0.81± 0.14 0.84± 0.14 0.85± 0.16
SVC 0.00± 0.00 0.66± 0.24 0.80± 0.31 0.66± 0.30 0.46± 0.31 0.98± 0.06 0.76± 0.29 0.67± 0.29 0.92± 0.17 0.91± 0.14 0.88± 0.15 0.87± 0.31

Pomeroy RF 0.05± 0.15 0.66± 0.24 0.72± 0.29 0.65± 0.27 0.61± 0.36 0.72± 0.30 0.73± 0.28 0.52± 0.37 0.53± 0.38 0.57± 0.33 0.73± 0.30 0.65± 0.29
kNN 0.05± 0.15 0.27± 0.33 0.79± 0.29 0.65± 0.33 0.07± 0.20 0.81± 0.30 0.73± 0.28 0.81± 0.21 0.98± 0.06 1.00± 0.00 0.97± 0.10 1.00± 0.00
mean 0.14± 0.19 0.56± 0.17 0.78± 0.03 0.71± 0.09 0.48± 0.26 0.87± 0.11 0.74± 0.01 0.66± 0.10 0.80± 0.17 0.82± 0.16 0.85± 0.09 0.84± 0.12

NB 0.71± 0.08 0.94± 0.10 0.94± 0.09 0.95± 0.09 0.93± 0.08 0.95± 0.09 0.95± 0.06 0.80± 0.12 0.94± 0.09 0.94± 0.09 0.95± 0.08 0.97± 0.08
SVC 0.88± 0.10 0.94± 0.09 0.93± 0.08 0.95± 0.06 0.95± 0.09 0.96± 0.08 0.97± 0.06 0.91± 0.10 0.96± 0.09 0.98± 0.04 0.94± 0.08 0.98± 0.04

Singh RF 0.92± 0.09 0.95± 0.09 0.93± 0.08 0.96± 0.09 0.95± 0.09 0.96± 0.09 0.94± 0.09 0.93± 0.08 0.95± 0.09 0.94± 0.09 0.95± 0.09 0.95± 0.09
kNN 0.82± 0.10 0.95± 0.09 0.94± 0.09 0.95± 0.06 0.94± 0.09 0.98± 0.05 0.98± 0.05 0.91± 0.10 1.00± 0.00 1.00± 0.00 0.98± 0.05 1.00± 0.00
mean 0.83± 0.08 0.94± 0.01 0.93± 0.01 0.95± 0.00 0.94± 0.01 0.96± 0.01 0.96± 0.02 0.89± 0.05 0.96± 0.02 0.96± 0.03 0.96± 0.02 0.97± 0.02

WTL 4/4/1 2/6/1 5/3/1 4/3/2
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Table 5
Influence of feature selection methods on F1 score for nine high-dimensional datasets. Classification problems. Selected 60 features.

noFS reliefF f-score mRMR chi2 l1-SVM RkNN kNN
wrapper

WkNN-FS
(l2 ,exp)

WkNN-FS
(l2 ,rbf)

WkNN-FS
(lδ ,exp)

WkNN-FS
(lδ ,rbf)

NB 0.79± 0.20 0.77± 0.12 0.90± 0.11 0.96± 0.06 0.86± 0.12 0.94± 0.10 0.99± 0.04 0.87± 0.10 1.00± 0.00 0.98± 0.04 1.00± 0.00 1.00± 0.00
SVC 0.84± 0.23 0.95± 0.07 0.96± 0.06 0.97± 0.06 0.97± 0.06 0.99± 0.04 1.00± 0.00 0.95± 0.06 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00

Burczynski RF 0.89± 0.15 0.90± 0.10 0.94± 0.09 0.97± 0.06 0.93± 0.11 0.91± 0.13 0.96± 0.07 0.88± 0.15 1.00± 0.00 0.99± 0.04 0.99± 0.04 0.99± 0.04
kNN 0.69± 0.19 0.76± 0.31 0.93± 0.06 0.92± 0.13 0.77± 0.32 0.99± 0.04 0.90± 0.18 0.92± 0.09 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
mean 0.80± 0.07 0.84± 0.08 0.93± 0.02 0.96± 0.02 0.88± 0.08 0.96± 0.03 0.96± 0.03 0.90± 0.03 1.00± 0.00 0.99± 0.01 1.00± 0.01 1.00± 0.01

NB 0.89± 0.06 0.91± 0.07 0.92± 0.06 0.92± 0.05 0.91± 0.07 0.95± 0.05 0.96± 0.04 0.64± 0.17 0.98± 0.04 0.93± 0.05 0.98± 0.04 0.93± 0.04
SVC 0.89± 0.06 0.92± 0.05 0.93± 0.04 0.93± 0.05 0.93± 0.04 0.99± 0.03 0.95± 0.05 0.92± 0.06 0.98± 0.04 0.96± 0.05 0.98± 0.04 0.98± 0.03

Chin RF 0.92± 0.05 0.91± 0.05 0.93± 0.05 0.93± 0.05 0.93± 0.05 0.93± 0.05 0.93± 0.05 0.92± 0.07 0.94± 0.04 0.93± 0.05 0.95± 0.04 0.93± 0.06
kNN 0.87± 0.05 0.92± 0.05 0.92± 0.05 0.92± 0.05 0.92± 0.05 0.92± 0.06 0.93± 0.05 0.92± 0.05 0.99± 0.03 0.99± 0.02 0.98± 0.04 1.00± 0.00
mean 0.89± 0.02 0.91± 0.01 0.92± 0.01 0.93± 0.01 0.92± 0.01 0.95± 0.03 0.94± 0.01 0.85± 0.12 0.97± 0.02 0.95± 0.03 0.97± 0.01 0.96± 0.03

NB 0.85± 0.06 0.90± 0.05 0.88± 0.06 0.92± 0.07 0.88± 0.07 0.96± 0.04 0.91± 0.04 0.54± 0.16 0.96± 0.03 0.92± 0.05 0.92± 0.04 0.92± 0.02
SVC 0.88± 0.01 0.93± 0.02 0.94± 0.03 0.93± 0.04 0.92± 0.04 0.98± 0.02 0.93± 0.04 0.91± 0.01 0.96± 0.03 0.87± 0.05 0.96± 0.03 0.93± 0.03

Tian RF 0.88± 0.01 0.90± 0.02 0.90± 0.04 0.92± 0.04 0.92± 0.04 0.90± 0.03 0.91± 0.03 0.89± 0.02 0.91± 0.02 0.89± 0.02 0.91± 0.03 0.89± 0.01
kNN 0.88± 0.01 0.89± 0.02 0.90± 0.02 0.90± 0.02 0.88± 0.01 0.88± 0.01 0.88± 0.01 0.90± 0.05 0.99± 0.01 1.00± 0.01 0.97± 0.02 1.00± 0.01
mean 0.88± 0.02 0.91± 0.01 0.91± 0.02 0.91± 0.01 0.90± 0.02 0.93± 0.04 0.91± 0.02 0.81± 0.16 0.95± 0.03 0.92± 0.05 0.94± 0.02 0.93± 0.04

NB 0.88± 0.10 0.97± 0.05 0.97± 0.05 0.98± 0.06 0.97± 0.07 0.94± 0.08 0.97± 0.05 0.35± 0.27 0.95± 0.07 0.97± 0.07 0.95± 0.07 0.97± 0.07
SVC 0.95± 0.07 0.97± 0.05 0.97± 0.05 0.98± 0.04 0.97± 0.05 0.98± 0.06 0.97± 0.05 0.22± 0.32 0.97± 0.07 0.98± 0.04 0.97± 0.07 0.99± 0.04

Chowdary RF 0.95± 0.08 0.97± 0.05 0.96± 0.08 0.97± 0.05 0.96± 0.06 0.97± 0.05 0.97± 0.05 0.95± 0.07 0.97± 0.05 0.97± 0.05 0.97± 0.05 0.97± 0.05
kNN 0.85± 0.14 0.96± 0.08 0.97± 0.05 0.96± 0.07 0.83± 0.13 1.00± 0.00 0.96± 0.08 0.93± 0.10 0.99± 0.03 0.99± 0.03 0.99± 0.03 1.00± 0.00
mean 0.91± 0.04 0.97± 0.01 0.97± 0.01 0.97± 0.01 0.93± 0.06 0.97± 0.02 0.97± 0.01 0.62± 0.33 0.97± 0.01 0.98± 0.01 0.97± 0.01 0.98± 0.01

NB 0.98± 0.06 0.96± 0.09 0.94± 0.10 0.96± 0.09 0.96± 0.09 0.91± 0.15 1.00± 0.00 0.83± 0.11 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
SVC 0.62± 0.34 0.97± 0.07 0.97± 0.07 0.95± 0.08 0.97± 0.07 0.97± 0.07 0.98± 0.06 0.80± 0.16 0.98± 0.06 0.98± 0.06 0.98± 0.06 0.98± 0.06

Golub RF 0.98± 0.06 0.98± 0.06 0.98± 0.06 0.96± 0.08 0.96± 0.08 0.95± 0.11 0.96± 0.08 0.91± 0.14 0.98± 0.06 0.98± 0.06 0.98± 0.06 0.98± 0.06
kNN 0.32± 0.32 0.91± 0.14 0.93± 0.16 0.90± 0.17 0.90± 0.17 0.64± 0.26 0.98± 0.06 0.89± 0.20 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
mean 0.72± 0.28 0.95± 0.02 0.95± 0.02 0.94± 0.03 0.94± 0.03 0.86± 0.13 0.98± 0.02 0.86± 0.05 0.99± 0.01 0.99± 0.01 0.99± 0.01 0.99± 0.01

NB 0.98± 0.04 1.00± 0.00 0.99± 0.02 1.00± 0.00 1.00± 0.00 0.97± 0.04 1.00± 0.00 0.97± 0.05 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
SVC 0.98± 0.04 0.99± 0.02 1.00± 0.00 0.99± 0.02 1.00± 0.00 0.98± 0.03 0.99± 0.02 0.97± 0.03 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00

Gordon RF 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.99± 0.02 1.00± 0.00 0.99± 0.02
kNN 0.86± 0.03 0.95± 0.05 0.99± 0.02 0.99± 0.02 0.99± 0.02 0.92± 0.04 1.00± 0.00 0.99± 0.02 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
mean 0.95± 0.05 0.98± 0.02 0.99± 0.00 1.00± 0.00 1.00± 0.00 0.97± 0.03 1.00± 0.00 0.98± 0.01 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00

NB 0.59± 0.14 0.81± 0.19 0.80± 0.17 0.84± 0.16 0.74± 0.22 0.87± 0.14 0.83± 0.17 0.67± 0.67 0.85± 0.14 0.88± 0.15 0.83± 0.12 0.72± 0.18
SVC 0.53± 0.38 0.83± 0.17 0.71± 0.28 0.81± 0.16 0.86± 0.16 0.83± 0.30 0.73± 0.29 0.77± 0.18 0.74± 0.30 0.88± 0.17 0.88± 0.17 0.79± 0.16

Alon RF 0.69± 0.28 0.81± 0.16 0.76± 0.15 0.81± 0.16 0.84± 0.16 0.83± 0.17 0.81± 0.16 0.61± 0.26 0.71± 0.28 0.76± 0.15 0.76± 0.30 0.77± 0.15
kNN 0.10± 0.30 0.61± 0.32 0.76± 0.15 0.70± 0.28 0.71± 0.29 0.33± 0.34 0.72± 0.29 0.76± 0.17 0.97± 0.10 1.00± 0.00 0.97± 0.10 0.97± 0.10
mean 0.48± 0.22 0.77± 0.09 0.76± 0.03 0.79± 0.06 0.79± 0.05 0.71± 0.22 0.77± 0.05 0.70± 0.07 0.82± 0.10 0.88± 0.09 0.86± 0.08 0.81± 0.09

NB 0.46± 0.32 0.74± 0.30 0.75± 0.33 0.87± 0.21 0.68± 0.26 0.78± 0.30 0.76± 0.30 0.60± 0.25 0.85± 0.16 0.74± 0.30 0.81± 0.30 0.78± 0.31
SVC 0.00± 0.00 0.59± 0.31 0.78± 0.31 0.75± 0.19 0.52± 0.29 0.83± 0.17 0.73± 0.28 0.62± 0.24 0.88± 0.15 0.78± 0.30 0.85± 0.19 0.85± 0.30

Pomeroy RF 0.05± 0.15 0.69± 0.26 0.72± 0.29 0.65± 0.27 0.63± 0.35 0.52± 0.37 0.73± 0.28 0.45± 0.38 0.66± 0.27 0.65± 0.24 0.73± 0.30 0.66± 0.27
kNN 0.05± 0.15 0.30± 0.38 0.67± 0.31 0.76± 0.17 0.07± 0.20 0.42± 0.36 0.75± 0.29 0.78± 0.20 1.00± 0.00 1.00± 0.00 1.00± 0.00 1.00± 0.00
mean 0.14± 0.19 0.58± 0.17 0.73± 0.04 0.76± 0.08 0.47± 0.24 0.64± 0.17 0.74± 0.01 0.61± 0.12 0.85± 0.12 0.79± 0.13 0.85± 0.10 0.82± 0.12

NB 0.71± 0.08 0.94± 0.10 0.93± 0.08 0.94± 0.09 0.94± 0.09 0.95± 0.08 0.95± 0.09 0.75± 0.10 0.94± 0.10 0.93± 0.09 0.94± 0.09 0.92± 0.10
SVC 0.88± 0.10 0.94± 0.09 0.94± 0.09 0.95± 0.06 0.94± 0.09 0.95± 0.08 0.95± 0.06 0.91± 0.11 0.97± 0.07 0.97± 0.05 0.95± 0.07 0.97± 0.05

Singh RF 0.92± 0.09 0.94± 0.09 0.93± 0.08 0.94± 0.09 0.93± 0.08 0.93± 0.08 0.94± 0.09 0.94± 0.09 0.95± 0.09 0.95± 0.09 0.96± 0.06 0.95± 0.09
kNN 0.82± 0.10 0.94± 0.06 0.94± 0.09 0.96± 0.06 0.95± 0.09 0.99± 0.03 0.97± 0.06 0.95± 0.07 0.99± 0.03 1.00± 0.00 0.98± 0.05 0.99± 0.03
mean 0.83± 0.08 0.94± 0.00 0.93± 0.00 0.95± 0.01 0.94± 0.01 0.95± 0.02 0.95± 0.01 0.89± 0.08 0.96± 0.02 0.96± 0.03 0.96± 0.02 0.96± 0.03

WTL 7/2/0 6/2/1 7/2/0 7/2/0
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Table 6
Influence of feature selection methods on MAE score for three high-dimensional datasets. Regression problems. Selected 30 features.

noFS reliefF f-score mRMR chi2 l1-SVM RkNN kNN
wrapper

WkNN-FS
(l2 ,exp)

WkNN-FS
(l2 ,rbf)

WkNN-FS
(lδ ,exp)

WkNN-FS
(lδ ,rbf)

Lasso 1.10± 0.39 0.64± 0.19 0.60± 0.12 0.57± 0.16 0.65± 0.14 0.55± 0.17 0.47± 0.12 0.51± 0.13 0.50± 0.16 0.44± 0.11 0.50± 0.26 0.57± 0.15
SVR 0.47± 0.10 0.72± 0.14 0.60± 0.13 0.54± 0.16 0.56± 0.12 0.45± 0.12 0.38± 0.09 0.39± 0.08 0.35± 0.10 0.42± 0.11 0.33± 0.06 0.37± 0.07

Reg01 RF 0.45± 0.11 0.62± 0.18 0.60± 0.12 0.51± 0.14 0.49± 0.16 0.48± 0.13 0.41± 0.09 0.42± 0.10 0.37± 0.10 0.42± 0.09 0.36± 0.11 0.42± 0.10
kNN 0.78± 0.13 0.70± 0.18 0.65± 0.11 0.72± 0.16 0.64± 0.17 0.69± 0.12 0.43± 0.07 0.38± 0.10 0.33± 0.16 0.41± 0.14 0.32± 0.12 0.37± 0.14
mean 0.70± 0.27 0.67± 0.04 0.61± 0.02 0.58± 0.08 0.59± 0.06 0.54± 0.09 0.42± 0.03 0.42± 0.05 0.39± 0.07 0.42± 0.01 0.38± 0.07 0.43± 0.08

Lasso 0.39± 0.10 0.60± 0.14 0.41± 0.08 0.47± 0.20 0.47± 0.16 0.34± 0.11 0.35± 0.10 0.39± 0.08 0.33± 0.08 0.24± 0.09 0.24± 0.08 0.34± 0.10
SVR 0.38± 0.14 0.41± 0.08 0.43± 0.08 0.43± 0.14 0.41± 0.11 0.30± 0.12 0.29± 0.06 0.31± 0.08 0.30± 0.10 0.25± 0.08 0.26± 0.09 0.26± 0.08

Reg02 RF 0.31± 0.07 0.43± 0.10 0.38± 0.09 0.31± 0.07 0.30± 0.05 0.29± 0.09 0.25± 0.04 0.22± 0.07 0.25± 0.08 0.22± 0.06 0.21± 0.07 0.20± 0.08
kNN 0.51± 0.11 0.57± 0.11 0.49± 0.08 0.45± 0.11 0.44± 0.08 0.34± 0.08 0.32± 0.10 0.18± 0.03 0.20± 0.08 0.15± 0.06 0.17± 0.06 0.17± 0.07
mean 0.40± 0.07 0.50± 0.08 0.43± 0.04 0.42± 0.06 0.41± 0.07 0.32± 0.03 0.30± 0.04 0.27± 0.08 0.27± 0.05 0.22± 0.04 0.22± 0.03 0.24± 0.06

Lasso 1.12± 0.24 0.53± 0.10 0.64± 0.11 0.54± 0.07 0.65± 0.11 0.45± 0.08 0.47± 0.06 0.63± 0.09 0.53± 0.08 0.57± 0.07 0.53± 0.11 0.56± 0.10
SVR 0.54± 0.08 0.54± 0.10 0.65± 0.11 0.53± 0.08 0.64± 0.11 0.43± 0.07 0.44± 0.07 0.59± 0.08 0.43± 0.08 0.52± 0.07 0.40± 0.05 0.51± 0.06

Reg03 RF 0.57± 0.06 0.58± 0.06 0.64± 0.11 0.53± 0.08 0.64± 0.11 0.50± 0.06 0.50± 0.08 0.56± 0.11 0.54± 0.10 0.55± 0.08 0.51± 0.07 0.54± 0.08
kNN 0.61± 0.06 0.58± 0.07 0.70± 0.07 0.56± 0.04 0.70± 0.07 0.48± 0.04 0.47± 0.04 0.52± 0.08 0.42± 0.05 0.39± 0.09 0.38± 0.05 0.40± 0.07
mean 0.71± 0.24 0.56± 0.02 0.66± 0.03 0.54± 0.02 0.66± 0.02 0.47± 0.02 0.47± 0.03 0.57± 0.04 0.48± 0.05 0.51± 0.07 0.46± 0.07 0.50± 0.06

WTL 1/1/1 1/1/1 3/0/0 1/0/2
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Table 7
Influence of feature selection methods on MAE score for three high-dimensional datasets. Regression problems. Selected 60 features.

noFS reliefF f-score mRMR chi2 l1-SVM RkNN kNN
wrapper

WkNN-FS
(l2 ,exp)

WkNN-FS
(l2 ,rbf)

WkNN-FS
(lδ ,exp)

WkNN-FS
(lδ ,rbf)

Lasso 1.10± 0.39 0.61± 0.16 0.62± 0.12 0.55± 0.19 0.68± 0.20 0.59± 0.14 0.51± 0.13 0.55± 0.14 0.51± 0.18 0.51± 0.15 0.48± 0.16 0.54± 0.14
SVR 0.47± 0.10 0.63± 0.16 0.59± 0.12 0.47± 0.17 0.55± 0.14 0.47± 0.09 0.39± 0.07 0.41± 0.10 0.32± 0.10 0.38± 0.08 0.34± 0.06 0.39± 0.09

Reg01 RF 0.45± 0.11 0.61± 0.15 0.59± 0.11 0.43± 0.13 0.49± 0.15 0.45± 0.10 0.41± 0.09 0.42± 0.09 0.38± 0.11 0.42± 0.11 0.38± 0.11 0.41± 0.11
kNN 0.78± 0.13 0.65± 0.16 0.59± 0.13 0.69± 0.17 0.68± 0.15 0.66± 0.10 0.50± 0.10 0.39± 0.10 0.29± 0.14 0.30± 0.12 0.26± 0.12 0.39± 0.13
mean 0.70± 0.27 0.62± 0.02 0.60± 0.01 0.53± 0.10 0.60± 0.08 0.54± 0.08 0.45± 0.05 0.44± 0.08 0.37± 0.08 0.40± 0.07 0.36± 0.08 0.43± 0.06

Lasso 0.39± 0.10 0.47± 0.09 0.49± 0.21 0.59± 0.31 0.54± 0.16 0.39± 0.18 0.35± 0.09 0.40± 0.06 0.35± 0.13 0.26± 0.06 0.25± 0.09 0.33± 0.14
SVR 0.38± 0.14 0.40± 0.09 0.40± 0.06 0.43± 0.12 0.44± 0.09 0.32± 0.11 0.30± 0.09 0.33± 0.10 0.29± 0.11 0.26± 0.09 0.27± 0.08 0.29± 0.09

Reg02 RF 0.31± 0.07 0.44± 0.09 0.33± 0.07 0.33± 0.06 0.31± 0.05 0.30± 0.08 0.26± 0.06 0.22± 0.07 0.23± 0.08 0.21± 0.09 0.21± 0.07 0.19± 0.06
kNN 0.51± 0.11 0.57± 0.07 0.44± 0.07 0.47± 0.11 0.45± 0.08 0.39± 0.09 0.33± 0.09 0.19± 0.05 0.14± 0.06 0.16± 0.06 0.13± 0.06 0.17± 0.06
mean 0.40± 0.07 0.47± 0.06 0.42± 0.06 0.46± 0.09 0.44± 0.08 0.35± 0.04 0.31± 0.03 0.29± 0.08 0.25± 0.08 0.22± 0.04 0.22± 0.05 0.25± 0.07

Lasso 1.12± 0.24 0.55± 0.08 0.62± 0.12 0.54± 0.10 0.64± 0.11 0.51± 0.06 0.47± 0.06 0.64± 0.12 0.52± 0.12 0.59± 0.08 0.50± 0.06 0.56± 0.13
SVR 0.54± 0.08 0.57± 0.08 0.62± 0.12 0.49± 0.09 0.64± 0.11 0.43± 0.08 0.42± 0.06 0.55± 0.06 0.43± 0.07 0.52± 0.06 0.39± 0.05 0.49± 0.06

Reg03 RF 0.57± 0.06 0.58± 0.07 0.65± 0.12 0.53± 0.07 0.64± 0.11 0.51± 0.06 0.51± 0.07 0.54± 0.12 0.53± 0.09 0.57± 0.09 0.52± 0.07 0.54± 0.08
kNN 0.61± 0.06 0.56± 0.08 0.68± 0.15 0.57± 0.05 0.70± 0.07 0.51± 0.05 0.48± 0.06 0.51± 0.10 0.37± 0.06 0.37± 0.10 0.34± 0.05 0.42± 0.10
mean 0.71± 0.24 0.56± 0.01 0.64± 0.03 0.53± 0.03 0.66± 0.03 0.49± 0.03 0.47± 0.03 0.56± 0.05 0.46± 0.07 0.51± 0.09 0.44± 0.07 0.50± 0.06

WTL 3/0/0 2/0/1 3/0/0 2/0/1
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kNN-based FS method, WkNN-FS (l2,rbf) and WkNN-FS (lδ ,rbf).
These methods were able to identify more than one half of the
relevant features in the most challenging MadelonHD dataset,
which is better than the best results achieved by the state-of-
the-art algorithms, f-score, reliefF, and mRMR. The fourth best
performingmethod is again another implementation ofWkNN-FS,
in particular WkNN-FS (l2,exp), yielding the highest Suc. score on
the Madelon datasets. We can conclude that on artificial datasets,
the performance of all forms of the proposedWkNN-FS is the same
as or better than that of the compared state-of-the-art methods.

For high sample datasets (denoted 5k) the results are more
balanced. The availability of higher number of samples allowed
algorithms to better learn the underlying pattern in data so the
Suc. rates are higher than Suc. rates for small sample datasets. All
WkNN-FS together with kNN-wrapper were able to successfully
determine all relevant features.

Regarding the parameters of WkNN, based on the presented
results the choice of the loss function and distance evaluation
function appears to influence the performance of the proposed FS
method. Themethods utilizing the square loss function weremore
successful in terms of identifying the relevant features for small
sample datasets (Reg, Fri, Mad, MHD); however, the difference is
only 10%. However, independently of the parameter choice the
WkNN-FS algorithm performed better than the other compared
methods.

3.3. Influence of weighted k-nearest neighbors feature selection on
prediction performance on real-world datasets

The Suc. rate presented in the previous section gives good
insight into the performance of the FS techniques. Basically, the
goal of FS is to choose the relevant, and only the relevant, features.
Another important aspect of FS is the influence of the selection of
a subset on the prediction performance of the classifier.

Since the majority of datasets for classification problems dis-
cussed in this section are datasets with a class imbalance, we
used the F1 score to measure the prediction performance of the
classifier. The F1 score summarizes the balance between precision
and recall and is defined as F1 = 2 · precision·recall

precision+recall . Additionally to
F1 we calculated also the accuracy of prediction. These results are
provided in Online supplementary material.

The prediction performance on regression datasets is measured
using mean absolute error (MAE) and root mean squared error
(RMSE). Both metrics can range from zero to∞ and are indifferent
to direction errors. RMSE has property of penalizing large errors
more. In the paper we show results for MAE metric, the results for
RMSE are provided in Online supplementary material.

Synthetic data have the advantage of being generated according
to some clearly defined rule. This is also their major limitation:
since the data are synthetically generated they do not possess the
natural flaws of real data. Unfortunately, in real data we cannot
definitely and with confidence declare which features are relevant
for class label prediction and which are not. Therefore, for the
real data we evaluated the prediction performance in terms of the
F1 score and MAE. Since FS is frequently used as a preprocess-
ing step in high-dimensional scenarios, we selected twelve high-
dimensional publicly available datasets. The description of these is
given in Table 3, together with relevant data resources. Three of
these datasets constitute the regression problem. Nine are binary
(two class classification tasks) or were converted to binary format
according to the rule described in a particular source paper. We
believe that the results are also applicable formulti-class scenarios,
since multi-class datasets can be decomposed into multiple binary
classification tasks through the divide and conquer approach.

As the predictor, we employed four algorithms, each based on
a different underlying concept. The four utilized classifiers were

the Gaussian naive Bayes (NB) (replaced by Lasso regressor for
regression tasks), SVM classifier/regression (SVC/SVR) with RBF
kernel, the ensemble predictor Random Forest (RF) with decision
trees as the base estimators, and kNN (k = 21). The underlying
algorithms are described well in the literature; see, e.g., [6,45].

To evaluate the F1 score and MAE, each method was used to
select the 30 and 60 most important features that were fed to
the classifier input. We used 10-fold stratified cross-validation to
validate the results.

3.3.1. Prediction performance results
In order to evaluate the performance of the proposed algo-

rithms, again seven FS methods, f-score, ReliefF, mRMR, chi2, l1-
SVM, RkNN, and kNN-wrapper were compared. The popular ma-
chine learningmethods kNN, SVM, RF, and NB/Lasso, implemented
in the scikit-learn module, were used in this study to induce pre-
dictors. For each dataset, we ran all eleven FS algorithms and
obtained the F1 scores for classification and MAE for regression
tasks. The F1 prediction scores are presented in Table 4 for 30
selected features and in Table 5 for 60 selected features. The results
are graphically compared in Figs. 1 and 2. We selected always the
highest F1 score from four classifiers (NB, SVC, RF, kNN). The results
for regression tasks are summarized in Table 6 for the best 30
features and in Table 7 for extended set of 60 features. We provide
the individual results for each predictor for all twelve datasets,
together with themean F1 andMAE score as the average of the four
applied predictors for every dataset. Moreover, WTL (win/tie/loss)
represents the number of datasets for which the mean F1 score
(respectively MAE for regression problems) (average of the kNN,
SVM, RF, and NB/Lasso classifier scores) of the predictors induced
by the correspondingWkNN-FS method is higher than (or equal to
or lower than) that of the predictor induced based on the feature
sets selected by the best classical FS method. Only mean scores are
included inWTL statistics, not results of individual predictors. Note
that the WkNN-FS methods are handicapped in this comparison,
since the result of a particular WkNN is compared always with
the best performing classical FS method (reliefF, f-score, or mRMR,
chi2, l1-SVM, RkNN, and kNN-wrapper) on a particular dataset.

Table 4 shows that all versions ofWkNN-FS outperformconven-
tional methods. This is clearly demonstrated by the WTL statistics,
where the most successful WkNN-FS(lδ ,exp) is mostly the same
as or better than any conventional FS method. The only exception
is Pomeroy dataset where it performs slightly worse than l1-SVM
method. This is in alignment with the results obtained on artificial
data, where WkNN-FS methods exhibit higher detection rates.
However, WkNN-FS(lδ ,exp) demonstrated lower Suc. rates than
the otherWkNN-FSmethods, although the differences are not very
notable. The second most successful WkNN-FS(l2,exp) also shows
the best performance on the artificial data. It outperformed the
conventional methods on four datasets, tied with them on four,
and performed worse than they did on only one dataset. However,
closer investigation reveals that the dataset on which WkNN-
FS(l2,exp) performedworse than the conventionalmethod (l1-SVM
in this case) is the Pomeroy dataset. The low mean F1 score is the
result of the low performance of the RF classifier in conjunction
with WkNN-FS(l2,exp) on this dataset. This is in contrast with
the results of the kNN classifier, the induction of which yields
result competitive to result of l1-SVM. Therefore, even in this case,
WkNN(l2,exp) is able to achieve the same score as conventional
methods.

Increasing the number of selected features to 60 even further
enhance the advantage of WkNN over conventional methods. The
results are shown in Table 5. Only in one case (Tian dataset) l1-
SVMoutperformsWkNN(l2,rbf), otherwise the proposedWkNN al-
gorithms yield same or better F1 score than conventional methods.
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Fig. 1. Influence of different FS methods on max F1 score on high-dimensional datasets. The highest F1 score of the four classifiers is taken. Selected 30 features.

Fig. 2. Influence of different FS methods on max F1 score on high-dimensional datasets. The highest F1 score of the four classifiers is taken. Selected 60 features.

We performed similar experiments on three regression tasks
from Table 3. We used the Lasso instead of NB classifier for re-
gression tasks. MAE for all FS methods using 30 most relevant fea-
tures is summarized in Table 6. For this three datasets, results are
balanced with RkNN, kNN-wrapper, WkNN(l2,exp), WkNN(l2,rbf),
andWkNN(lδ ,rbf) achieving very similar results. The other conven-
tional methods provide higher error rates. On the other hand, the
WkNN (lδ ,exp) outperforms all othermethods on all three datasets.

Similarly, as in the case of classification tasks, increasing num-
ber of selected features to 60 helped WkNN methods.
WkNN(l2,exp), WkNN(l2,rbf), and WkNN(lδ ,rbf) perform slightly
better than RkNN and kNN-wrapper.

To obtain statistical validation of the results in our experi-
ments, we used Friedman test and Bonferroni–Dunn post-hoc test
as recommended in [46]. We compared performance of meth-
ods on datasets from Table 3. The null hypothesis (there is no
difference between FS methods) can be rejected after Friedman
test. The p-values and z-scores of Bonferroni–Dunn post-hoc test
for comparison of WkNN methods with other methods are pre-
sented in Table 8. The z-value was used to calculate the corre-
sponding p-value from the table of normal distribution N (0, 1).
The adjusted p-value was then calculated for 4*7 tests. For com-
parison of WkNNs and kNN-wrapper, reliefF, chi2, and f-score
we can safely reject the null hypothesis (there is no difference
between two methods) with significance level α = 0.05. For
WkNN(lδ ,exp) we can also reject null hypothesis for the case of 60
selected features in comparisonwith l1-SVMandmRMR. TheRkNN
did not show up as statistically different from WkNN methods,
but if we consider average rank for 30 selected features: kNN-
wrapper (9.3750), reliefF (9.2500), chi2 (8.7500), f-score (8.4167),

mRMR (7.3333), RkNN (5.2917), l1-SVM (4.8333), WkNN(l2,rbf)
(3.8750), WkNN(lδ ,rbf) (3.5833), WkNN(l2,exp), (3.0000), WkNN-
FS(lδ ,exp) (2.2917) and for 60 selected features: kNN-wrapper
(9.2917), reliefF (8.9167), chi2 (8.7917), f-score (8.1667), l1-SVM
(7.0417), mRMR (6.6250), RkNN (5.7500), WkNN(l2,rbf) (3.2917),
WkNN(lδ ,rbf) (3.2083), WkNN(l2,exp) (2.6250), WkNN-FS(lδ ,exp)
(2.2917) we can see that RkNN ranks behind the WkNN methods.

In general, all the newly proposed methods demonstrated a
better performance in terms of the F1 and MAE score than the
conventional FS methods evaluated in this study. The choice of
distance evaluation functionw(d) = e−d provided a higher F1 score
andMAE in most cases. As in the case of synthetic data, we can no-
tice that the choice of the loss and the distance evaluation function
influenced the performance of WkNN-FS to some extent, although
not crucially, and all the considered implementations of WkNN-FS
demonstrated very competitive results. The best prediction results
were achieved by WkNN(lδ ,exp) algorithm.

4. Conclusions

FS is an important dimensionality reduction technique reg-
ularly used in many machine learning and pattern recognition
application domains. This paper presented a new algorithm for
supervised FS, namely, the weighted k-nearest neighbors FS. As its
name suggests, it is based on the principle of k-nearest neighbors
algorithm and relies on gradient descent to find optimal weights.
Numerical experiments were conducted using two types of data:
eight synthetically generated datasets and twelve real-world high-
dimensional datasets. The experimental results for the synthetic
datasets show that WkNN-FS effectively identifies the relevant
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Table 8
Bonferroni–Dunn test for the comparison of WkNN-FS with other feature selection methods. Displayed is p-value and z-score in brackets for 30 and 60 selected features.

kNN wrapper reliefF chi2 f-score l1-SVM mRMR RkNN

kNN-FS 30 1.36E−03 (4.06) 2.02E−03 (3.97) 8.9E−03 (3.60) 2.22E−02 (3.35) 1.00 (0.71) 0.30 (2.55) 1.00 (1.05)
(l2 ,rbf) 60 2.62E−04 (4.43) 9.13E−04 (4.15) 1.36E−03 (4.06) 8.9E−03 (3.60) 0.16 (2.77) 0.39 (2.46) 1.00 (1.82)
WkNN-FS 30 5.29E−04 (4.28) 7.98E−04 (4.19) 3.8E−03 (3.82) 1.00E−02 (3.57) 1.00 (0.92) 0.16 (2.77) 1.00 (1.26)
(lδ ,rbf) 60 1.97E−04 (4.49) 6.97E−04 (4.22) 1.05E−03 (4.12) 7.00E−03 (3.66) 0.13 (2.83) 0.32 (2.52) 1.00 (1.88)
WkNN-FS 30 7.00E−05 (4.71) 1.10E−04 (4.62) 6.08E−04 (4.25) 1.77E−03 (4.00) 1.00 (1.35) 3.84E−02 (3.20) 1.00 (1.69)
(l2 ,exp) 60 2.4E−05 (4.92) 9.4E−05 (4.65) 1.47E−04 (4.55) 1.19E−03 (4.09) 3.10E−02 (3.26) 8.78E−02 (2.95) 0.59 (2.31)
WkNN-FS 30 5E−06 (5.23) 8E−06 (5.14) 5.2E−05 (4.77) 1.7E−04 (4.52) 1.00 (1.87) 5.50E−03 (3.72) 0.75 (2.22)
(lδ ,exp) 60 7E−06 (5.17) 2.8E−05 (4.89) 4.4E−05 (4.80) 4.01E−04 (4.34) 1.26E−02 (3.51) 3.84E−05 (3.20) 0.30 (2.55)

features. The results for the high-dimensional real-world datasets
prove that WkNN-FS can effectively reduce dimensionality and
obtain the best average detection rate in terms of the F1 score and
MAE.

This study showed that WkNN-FS is an effective FS method;
however, it offers several open possibilities for further research.
Here, we considered only the two alternatives of loss function
and distance evaluation function, but there are other options that
could be considered that may further boost the performance of the
algorithm. In addition, only the Euclidean distancewas considered,
but for some data other distance functions may be more suitable.
Moreover, the flexible implementation of WkNN-FS makes it a
very good candidate for application to imbalanced data. Clever
adjustment of theweighting vector can contribute to the successful
utilization of the modified WkNN-FS for imbalanced data and to
the still quite unexplored area of FS for imbalanced data. FS is an
important area of research and therefore there aremany additional
directions in which further research can be continued.
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